ABSTRACT Four-wheel independently driven skid-steered mobile robots are widely used in the fields of industrial automation and outdoor exploration. In most of existing controllers of skid-steered mobile robots, the wheel velocities are controlled independently to track the desired velocities from the high-level kinematic controller. However, this kind of control method may lead to chattering phenomenon of skidsteered mobile robots in practice, when the desired velocity commands of four wheels are not matched under different ground conditions. In this paper, the coordinated control problem is investigated for the four-wheel independently driven skid steer mobile robots, so as to solve the chattering phenomenon and also achieve good control performance under different ground conditions. Since the mobile robots are overactuated and lack of suspension systems, a coordinated adaptive robust control scheme integrated with torque allocation technique is proposed. First, an adaptive robust control law is developed to attenuate the negative effects of load variations and uncertainties. Second, instead of directly giving the desired velocity commands, a torque control and allocation algorithm is developed to regulate the driving torque of each wheel motor. A coordinated control law with considering the wheel slip compensation is also proposed. Comparative experiments are carried out, and the results show the proposed scheme can avoid the chattering problem and achieve the excellent performance under different ground conditions.
I. INTRODUCTION
Skid-steered mobile robots are widely applied in the fields of industrial automation and outdoor exploration. The schematic of a skid-steered four-wheel independently driven mobile robot is shown in Fig.1 . Since the lack of a steering system, the skid steer mobile robots have the advantage of outdoor task [1] - [3] . However, the mechanical structure and the varying wheel/ground interactions will also lead to the complexity of dynamic modeling and good controller design. Furthermore, to improve the driving ability based on the practical requirements, the skid steer mobile robot considered in this paper is four-wheel independently driven. At present, a large number of papers have investigated on the trajectory tracking control of two wheel mobile robots. However, seldom publications pay attention to four-wheel independently driven skid-steered mobile robots.
Generally, the controller for mobile robots can be summarized into two classes: kinematic controller(the control command for the mobile robots is the driving wheel velocities) and dynamic controller(the control command is the driving torques) [4] - [8] . The kinematic control is the most widely used in actually application [9] - [11] , which does not consider the skidding of the robot wheels. To achieve a better performance, several approaches have been proposed to address this slip problem with the robot's dynamics [7] , [12] , but they will also increase the complexity of controller design. Furthermore, in the above control researches of wheeled mobile robots, the ground and wheels interactions are not taken into consideration. But in most real applications, due to uneven ground, or slippery terrain conditions, the interactions can't be ignored [7] , [13] . As a result, the controllers designed with a no-slip model, may not work properly. For skid-steered mobile robots, since lack of the steering system, differential velocities between the two sized are applied to achieve steering requirement which will easily lead to lateral skidding of the wheels for the kinematic control. In the other side, the inevitable uncertainties in the mobile robot's dynamics will also take important effects on the performance of mobile robots, which becomes another challenging issue for the control design. Recently, a great deal of control methods have been proposed to handle the model uncertainties, such as adaptive control [1] , [14] , neural network [15] , [16] and robust control [7] , [17] , [18] . Moreover, Yao and Tomizuka [19] , Hu et al. [20] , Chenet al. [21] and [22] developed the adaptive robust control (ARC) to deal with both parameter and model uncertainties together in one controller, and subsequently verified through various application studies with comparative experimental results [19] - [22] . With these ARC controllers, the specified tracking transient performance can be achieved and final tracking accuracy in general is guaranteed. And thus could be the good guidance for the dynamic controller design of skid-steer mobile robots.
Another problem should be noted that the skid-steered mobile robot considered in this paper is four-wheel independently driven, which means the robot is an over-actuated system. In the present work, the wheels on the each side are often supposed to rotate at the same speed. To guarantee this condition, two methods are usually used: a) the wheels on each side is mechanically connected together, and the controller design is not much difference with the two wheel mobile robot [23] , [24] ; b) the wheels are regulated with velocity controller, where the controller design is similar with the kinematic control [11] . However, it can't be ignored that there are fundamental differences between the four-wheel independently driven mobile robot in this paper and the above two situations. Thus, to achieve a better performance, the driving torque allocation becomes an possible solution for this problem. Some control allocation techniques are proposed in [25] and [26] for over-actuated ground vehicle, where the diving torques are directly distributed based on the energy consumption. However, since the skid-steered mobile robot in this paper isn't equipped with steer system and suspension system, the control design for it is much different from the ground vehicle and the chattering phenomenon is found in practice with the traditional controller. Thus, for the skid-steered mobile robot, the appropriate control strategies are needed to take into account the wheel/ground interactions and four-wheel driven characteristics.
In this paper, for skid-steered four-wheel independently driven mobile robot, a control oriented kinematic and dynamic model is first presented. Furthermore, a coordinated adaptive robust control(ARC) integrated with the torque allocation technique is proposed to track the desired motion trajectory. The adaptive robust control [21] , [22] , [27] is developed to attenuate the negative effects of load variations and uncertainties. And the proposed control strategy also addresses the over-actuated scheme with the control allocation [28] , [29] to regulate the driving torques, whose excellent performance has also been verified in [30] and [31] . Thus, with this kind of controller design, the tracking performance can be improved and the chattering problem for skid-steered mobile robot can be avoided. This paper is organized as follows. In section II, the control oriented dynamic model of a four-wheel independently driven skid steered mobile robot is developed. Section III presents an adaptive robust trajectory controller design for the skid-steered mobile robot and the proposed torque allocation technique with driving torque/wheel slip coordination. Experimental results on a skid-steered mobile robot are compared in section IV. Finally, we conclude the paper in section V.
II. SYSTEM DYNAMICS AND PROBLEM FORMULATION A. KINEMATIC AND DYNAMIC MODEL
The mobile robot investigated in this paper is shown in Fig.1 , which is driven with four independently wheels. The rotation of the mobile robot is achieved from different wheel velocities on each side, due to the absence of steering system. To obtain a better outdoor exploration, the wheels and body are connected directly. The reference coordinate system is named as OXY . The body fixed coordinate system o r x r y r is attached on the mobile robot, where o r is the origin of the body fixed coordinate system, which locates at the middle between the driving wheels. G is the mass center of the skid steered mobile robot. 2w is the width between the driving wheels. l f and l r are the distances from the center of mass to the front and rear wheel axles, respectively. With the defined references, the pose of the robot is represented by
where (x, y) is the coordinate of o r with respect to reference coordinate system, and φ is the rotation angle.
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The kinematic model of a four-wheeled independently driven skid-steered mobile robot can be expressed as [1] 
where v = [v x , ω] represents the linear and angular velocity of the robot; v y is the lateral velocity of the robot; the S(q) and A(q) are defined as
From the Fig.1 , we can find that the frictions between the wheels and ground result in the motion of mobile robot. The friction forces acting on the mobile robot is presented in Fig.1 . Thus, with Newton's second law, the dynamic model of the mobile robot system can be described as
where m and J are the robot mass and inertia about the yaw axis. (4) can be rewritten as
where
is the sum of forces acting on the mobile robot along the longitudinal direction and
is the sum of moments acting on the mobile robot. The second term of equation (5) represents the lateral slip motion. u y = F y1 + F y2 + F y3 + F y4 is the sum of friction forces acting on the robot along the lateral direction;
T is the nominal value of the lumped modeling uncertainty and disturbance. Referred to the dynamic(5), the driving forces are the result of the interactions between tires and road. From Fig.2 , we can obtain the dynamics of driving wheels
where J ri inertia of wheel; ω ri denotes the angular velocity of wheel; c ri represents the viscous friction constant of wheel; f ri (q) is the Coulomb friction of the motor and reducer modeled by f ri = A fi S f (q), where A fi is the Coulomb friction coefficient and S f (q) is a known approximate function of the traditional discontinuous sign function sgn(q) that is used to compensate friction in implementation; τ ri denotes the motor torque; d ri is the disturbance; r is the radius of wheel. 
B. ERROR DYNAMICS
To design a controller with such system (5)(6), we apply the output redefinition technique [32] . The new output equations are given by
where L is chosen as a positive constant. Differentiating the equation (7), we can obtain the new dynamics aṡ
where T and A 2 are defined as
Referring to equation (4) , taking the second time-derivative of (7), the following dynamics is derived.
Let the trajectory tracking error vector as
is the reference trajectory. Then the system error dynamics can be derived aṡ
It is well known (12) has the following properties 
In general, due to various reasons such as the change of payloads, the parameter vector θ cannot be exactly known . However, the extent of the parameters can be roughly known in advance. Therefore, the following assumptions are made [7] , [33] . 
C. PROBLEM FORMULATION
With the the mathematical model for the motion of the skid steer mobile robot(12),(6), the following performance requirements would like to be considered in the controller design 1) Tracking performance: the controller is synthesized to track the reference trajectory as well as possible in the presence of uncertainties.
2) Motor torque allocation: With the traditional controller, the unexpected chattering phenomenon may happen, which would lead to damage of the mechanical components. Thus, the motor torque should be properly allocated.
Based on these statements, for skid steer mobile robot, the objective of controller design is to synthesize control inputs τ ri in the presence of uncertainties and disturbances, such that the motor toque can be properly coordinated and the robot can track the desired trajectory.
III. CONTROL ALGORITHM A. OVERALL CONTROL STRUCTURE
Based on the aforementioned analysis and problem statements, our controller was proposed to achieve stable tracking of the desired trajectory for over-actuated skid steer mobile robot. To deal with this kind of problem, a coordinated control structure consisting of a adaptive robust control(ARC control law and wheel torque allocation) and a motion compensation scheme(kinematic control and linear feedback) is proposed to track the desired trajectory, as shown in Fig.3 .
Since the model (5) cannot fully describe the actual parameter uncertainties and robot dynamics. Thus, the ARC is incorporated such that the uncertainties in mobile robot dynamics can be attenuated. The ARC controller offers the total forces/moments(virtual control inputs) needed to track the desired mobile robot trajectory. For the control allocation part, with the given the virtual control inputs, the actuator redundancy is resolved in real time to implement the command on the individual actuators. Moreover, kinematic controller offers desired wheel velocities that aims to coordinate the motion of the wheels. The design of the controller will be given later and experiments are carried out to verify the proposed control law.
B. DISCONTINUOUS PROJECTION
The adaptation law with discontinuous projection can be given by [19] :θ
whereθ denotes the on-line estimate of θ andθ =θ − θ represents the parameter estimation error. > 0 is symmetric positive definite and η is an adaptation function to be given later. The projection mapping
The projection mapping used in (16) has the following properties.
P1)
θ ∈ {θ : θ min ≤ θ ≤ θ max } (17) P2)θ( −1 Projθ ( η) − η) ≤ 0, ∀η(18)
C. KINEMATIC CONTROL LAW
In this section, the most used kinematic control law is introduced. The kinematic model(12) can be linearly parameterized asė
matrix is a known functions. With the error dynamic (19) , choose the ARC law [34] , [35] as
where the model compensation term u v = Tv, u va is designed to track a trajectory perfectly, and the robust control law u vs consists of two terms
where u vs1 is a simple linear feedback term and K k is a symmetric positive definite matrix. Moreover, u vs2 is a nonlinear feedback term used to deal with the influence of model VOLUME 5, 2017 uncertainties for a guaranteed robust performance, which is satisfied the following two conditions
where k is arbitrarily small parameter. The adaptation function (15) is chosen as
Noting that the control input v d contains virtual desired linear velocity v xd and angular velocity ω φd of the mobile robot. Thus, the desired angular velocity of each wheel can be derived as
where ω di is the desired wheel velocity.
Remark 1:
The desired wheel velocities (24) are not only used for the traditional kinematic controller design that will be compared with the proposed controller, but also adopted in the coordinated control later, Fig.3 .
D. THE ARC CONTROLLER
A switching-function-like quantity is defined as s =ė + e (25) where > 0 represents a diagonal matrix. Choose a positive Lyapunov function
Differentiating equation. (26), the time derivative of V(t) can be described aṡ
Furthermore, equation. (27) can be linearly parameterized as
where ∈ R 2×8 matrix is a known functions. Thus, equation. (28) can be rewritten aṡ
Noting the equation (29), the virtual control input is chosen as
where u a is the adjustable model compensation to achieve a perfect tracking performance, and u s represents a robust control law term. Substituting (30) into (29) result iṅ
The robust control function u s consists of two terms
where u s1 is a simple linear feedback term and K is a symmetric positive definite matrix. Moreover, u s2 is a nonlinear feedback term used to deal with the influence of model uncertainties for a guaranteed robust performance, which is satisfied the following two conditions
where is arbitrarily small . The smooth examples of u s2 satisfying (33) can be found [27] .
E. WHEEL TORQUE ALLOCATION AND COORDINATED CONTROL
The section introduces the wheel torque allocation algorithm and the wheel torque coordinate controller design. For the wheel torque allocation, the desired driving torques of each wheel is derived with the nominal vertical tire force. However, due to the lack of suspension system and various ground conditions, the driving torques from the driving torque allocation may cause the wheel slip and wheel velocity may become very large. To avoid this phenomenon, a novel hybrid coordinate control law is proposed. The total virtual driving forces u d given in equation (30) consists of the longitudinal driving force u xd and the yaw moment u φd . These virtual inputs from ARC controller are combined effort of each driving wheel. Therefore, the wheel torque allocation algorithm is designed to generate the wheel torque at each wheel based on the virtual inputs. Thus, a following cost function is chosen to achieve the desired wheel torque of each wheel.
where N i is the nominal vertical tire force, which can be expressed in the following term
The desired tire force have to satisfy the following constraints
The lateral tire force F yi , i = 1, 2, 3, 4 can be calculated [1] . Thus, the constraints can be rewritten as
. Substituting equations (37) into equation (34) , the desired longitudinal tire torque F xi , i = 1, 2, 3, 4 at each wheel can be obtained by lagrange multiplier. Thus, we can obtain following equation
where λ i represents the lagrange multiplier. With the above equations(38), the desired force of each wheel F xi then can be derived.
whereĴ ri andĉ ri are obtained from offline parameter estimation, ω di is the desire wheel velocity from the kinematic controller (24) . However, since the 4 wheel-independently-driven mobile robot lack the suspension system, the wheel may lift from the ground. Thus, the above control input τ ri1 may cause the wheel velocity becoming very large. In this study, a hybrid coordinated feedback of the wheel slip is introduced to limit the wheel velocity. From the kinematic controller, the desired wheel velocity has been derived. Thus, the difference between actual wheel velocity and the desired wheel velocity is used to avoid the wheel velocity becoming too large.
where e si = ω ri − ω di . Therefore, the control input can be derived as 
IV. EXPERIMENTAL RESULTS

A. EXPERIMENTAL SETUP
To verify the effectiveness of the proposed controller, a skidsteered mobile robot from Guozi Robot is set up in Zhejiang University. As shown in Fig.4 , the laboratory has a fourwheel independently driven skid-steered mobile robot. The position and orientation was estimated from the odometry and gyroscope. For this robot, we have the following parameters used in controller design: w = 0.25m, l f = l r = 0.2m, M = 120kg, J = 5kgm 2 , r = 0.16m. 
B. EXPERIMENTAL RESULTS
With a NI Compact-rio controller, the control algorithms are applied on the mobile robot. The control period is set as Ts = 12 ms. And the following controllers are compared to illustrate the performance of the proposed control algorithm.
C1) Kinematic Control Algorithm:
This control method is the most used in actual equipment. From equation (24), the kinematic control law can be derived ω di . The control parameters are properly as K k = [10, 10] , and = diag [25, 25, The is chosen as = diag [5, 5] . The robust control law is designed as u s = −K 2 s in the experiments, where K 2 represents the combination of u s1 and u s2 [19] , [21] . To illustrate the effectiveness of the proposed approach, the following test sets are performed. 
Set 1:
To test the control performance of the proposed algorithms, the mobile robot is applied to track a circle given by
which the rotation velocity is 0.1rad/s, and these experiments are tested on plain ground condition. In the fist set of experiments, the tracking performance of the controller with circle trajectory on the plain ground is compared in Fig.5 . As shown in Fig.6,7 , it is found that the proposed ARC controller with compensation achieve a smaller tracking error and a better performance than the other two. The angle tracking error is given in Fig.8 , which also can reflect the chattering performance of the proposed controller. From this figure, the errors of C1 and C3 is obvious smaller than C2. From table. we find that C1 and C3 have similar angle tracking error, the ability of suppress the chattering phenomenon is difficult to identify. However, on the whole, the proposed controller C1 n can achieve a better tracking performance. As shown in Fig.9,10 , the control inputs and wheel velocities are presented. With the controller C1, the wheel velocity on same side is same with each other, which is resulted from the PID controller to track the desired wheel velocities. However, the wheel velocity C2 will become very large when the wheel is lifted from ground. Compared with C1 and C2, the proposed controller achieve a integrated performance, whose velocities on the same side are not controlled to track the same desired velocity but also the wheel velocity can be limited. Set 2: From the actual application, when the mobile robot rotates on the rough terrain, the chattering phenomenon will happen with the traditional kinematic controller C1. To test the ability of proposed controller to suppress the chattering phenomenon, the mobile robot is applied to rotate on the rough terrain.
Furthermore, experiments Set 2 are carried out to test the influence of the wheel/ground contact situation with the robot rotating on the rough ground. From the experiment results Fig.11,12,13 , the capacity of suppressing the chattering VOLUME 5, 2017 phenomenon is presented. Since the controller C1 is a kinematic controller, the velocities on the same side are assumed to be same, which may cause that the frictions on the tire change very fast and motivate the chattering phenomenon. For C2, when the wheel is lifted from ground, the wheel velocity will become very large Fig.14 , which result in the chattering of robot. However, since the controller C3 considered these two factors, the integrated performance is achieved and the chattering phenomenon is well suppressed.
V. CONCLUSION
In this paper, the coordinated control problem is investigated for the four-wheel independently driven skid steer mobile robots. A generalized nonlinear time-varying dynamic model is developed for controller design. Moreover, a two level adaptive robust control law integrated with control allocation technique is proposed for the skid steer mobile robot. In the high level, an adaptive robust control law is developed to achieve a good trajectory tracking control performance. In the low level, a torque allocation technique is developed for regulating driving torque of each motor. Meanwhile, to avoid the wheel velocity become too large when the tire is lifted from ground. A novel feedback of the wheel slip is proposed. Comparative simulations are carried out to verify the excellent performance of the proposed scheme. The experiment results suggest that, the proposed controller will achieve a good performance and adapt well with the ground condition.
